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Deformations of the antibracket.
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119991, Leninsky Prospect 53, Moscow, Russia.
Abstract
We consider antiPoisson superalgebras realized on the smooth Grassmann-valued functions
with compact supports in Rn and with the grading inverse to Grassmanian parity. The defor-
mations of these superalgebras and their central extensions are found.
1 Introduction
The goal of present work is to find the deformations of antiPoisson superalgebra realized on
the smooth Grassmann-valued functions with compact supports in Rn. The results are based
on the results of [1] where the lower cohomologies of this antiPoisson superalgebra are found.
Particularly, it is shown here that the nontrivial deformations of antiPoisson superalgebras
do exist, and that the central extensions of antiPoisson superalgebra (which exist for n = 1)
have no nontrivial deformations. The deformations of Poisson superalgebra realized on the
space of vector fields with polynomial coefficients and with antibracket were obtained in [2].
LetK be either R or C. We denote byD(Rn) the space of smoothK-valued functions with
compact supports on Rn. This space is endowed with its standard topology: by definition,
a sequence ϕk ∈ D(R
n) converges to ϕ ∈ D(Rn) if the supports of all ϕk are contained in
a fixed compact set, and ∂λϕk converge uniformly to ∂
λϕ for every multi-index λ. We set
Dn = D(R
n)⊗ Gn, where Gn is the Grassmann algebra with n generators. The generators
of the Grassmann algebra (resp., the coordinates of the space Rn) are denoted by ξα, α =
1, . . . , n (resp., xi, i = 1, . . . , n). We shall also use collective variables zA which are equal to
xA for A = 1, . . . , n and are equal to ξA−n for A = n+ 1, . . . , 2n.
The space Dn possesses a natural grading which is determined by that of the Grassmann
algebra. The Grassmann parity (below – ε-parity) of an element f of these spaces is denoted
by ε(f).
The space Dn possesses also another Z2-grading ǫ (ǫ-parity), which is inverse to ε-parity:
ǫ = ε+ 1.
We set εA = 0, ǫA = 1 for A = 1, . . . , n and εA = 1, ǫA = 0 for A = n+ 1, . . . , 2n.
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1
2It is well known, that the bracket
[f, g] =
n∑
i=1
(
f
←−
∂
∂xi
∂
∂ξi
g − f
←−
∂
∂ξi
∂
∂xi
g
)
, (1.1)
which we will call ”antibracket”, defines the structure of Lie superalgebra on the superspace
Dn with the ǫ-parity.
Indeed, [f, g] = −(−1)ǫ(f)ǫ(g)[g, f ], ǫ([f, g]) = ǫ(f) + ǫ(g), and Jacobi identity is satisfied:
(−1)ǫ(f)ǫ(h)[f, [g, h]] + (−1)ǫ(g)ǫ(f)[g, [h, f ]] + (−1)ǫ(h)ǫ(g)[h, [f, g]] = 0, f, g, h ∈ Dn. (1.2)
Here this Lie superalgebra is called antiPoisson superalgebra.1
The integral on Dn is defined by the relation
∫
dz f(z) =
∫
Rn
dx
∫
dξ f(z), where the
integral on the Grassmann algebra is normed by the condition
∫
dξ ξ1 . . . ξn = 1. As a rule,
the value m(f) of a functional m ∈ D′n on a test function f ∈ Dn will be written in the
integral form: m(f) =
∫
dz m(z)f(z).
The second cohomology space2 H2ad in the adjoint representation is closely related to
the problem of finding formal deformations of the Lie bracket [·, ·] of the form [f, g]∗ =
[f, g] + ~[f, g]1 + . . . ≡ C(f, g) = Ci(f, g)~
i. The condition that C1(f, g) is a 2-cocycle is
equivalent to the Jacobi identity for [·, ·]∗ modulo the ~
2-order terms.
Formal deformations C1 and C2 are called equivalent if there is a continuous K[[~2]]-linear
similarity operator T : Dn[[~
2]]→ Dn[[~
2]] such that TC1(f, g) = C2(Tf, Tg), f, g ∈ Dn[[~
2]]
and T = id+ ~T1.
The following theorem is proved in [1]
Theorem 1.1. Let bilinear mappings m and n from (Dn)
2 to Dn be defined by the
relations
m(z|f, g) = (−1)ε(f){∆f(z)}Ezg(z) + {Ezf(z)}∆g(z) (1.3)
n(z|f, g) = (−1)ε(f){(1−Nξ)f(z)}(1−Nξ)g(z), (1.4)
where
Nξ = ξ
i∂ξi , (1.5)
Ez = 1−
1
2
zA
∂
∂zA
, (1.6)
∆ =
∂
∂xi
∂
∂ξi
. (1.7)
Then H2ad ≃ K
2 and the cochainsm(z|f, g) and n(z|f, g) are independent nontrivial cocycles.
This theorem allows us to prove here the following theorem, stating the general form of
the deformation of antiPoisson superalgebra:
Theorem 1.2. The deformation of antiPoisson superalgebra with even parameter ~ has
the form up to similarity transformation
[f(z), g(z)]∗=[f(z), g(z)]+(−1)
ε(f){
~c
1 + ~cNz/2
∆f(z)}Ezg(z)+{Ezf(z)}
~c
1 + ~cNz/2
∆g(z),
(1.8)
1We will consider usual multiplication of the elements of considered antiPoisson superalgebras with com-
mutation relations fg = (−1)ε(f)ε(g)gf as well, and the variables xi will be called even variables and the
variables ξi will be called odd variables.
2The definition of the differentials dadp see in [1]
3where Nz = z
A ∂
∂zA
, and c is an arbitrary formal series in ~ with coefficients in K.
It follows from the next theorem proved in [1] that if n = 1 then antiPoisson superalgebra
has a central extension:
Theorem 1.3.
1. Let n ≥ 2. Then H2tr ≃ 0.
2. Let n = 1. Then H2tr ≃ K
2, and the cochains
µ1(f, g) =
∫
dz(−1)ε(f){∂3x∂ξf(z)}g(z),
µ2(f, g) =
∫
dz(−1)ε(f){∂2xf(z)}g(z) (1.9)
are independent nontrivial cocycles.
It is proved below that this central extension has no deformation with even parameter ~.
2 Deformations of the antibracket
Consider general form of deformation, [f, g]∗(z), of the antibracket [f, g](z).
We will suppose that:
1)
[f, g]∗(z) ≡ C(z|f, g) =
∑
k=0
~
kCk(z|f, g), (2.1)
C0(z|f, g) = [f, g](z); (2.2)
2)
Ck(z|f, g) =
∫
dvdu(−1)ε(f)Ck(z|u, v)f(u)g(v);
3)
ε(C(z|f, g)) = ε(Ck(z|f, g)) = ε(f) + ε(g) + 1;
4)
C(z|g, f) = −(−1)ǫ(f)ǫ(g)C(z|f, g),
Ck(z|v, u) = (−1)
nCk(z|u
∗, v∗), where if u = (x, ξ) then u∗ = (x,−ξ);
5) C(z|g, f) ∈ Dn, Ck(z|f, g) ∈ Dn for all f, g ∈ Dn;
6) [f, g]∗(z) satisfies the Jacobi identity
(−1)ǫ(f)ǫ(h)[[f, g]∗, h]∗ + cycle(f, g, h) = 0, ∀f, g, h, (2.3)
or
(−1)ǫ(f)ǫ(h)C(z|C(|f, g), h) + cycle(f, g, h) = 0. (2.4)
Note that if a form C(z|f, g) satisfies the Jacobi identity then the form CT (z|f, g),
CT (z|f, g) = T
−1C(z|Tf, Tg),
satisfies the Jacobi identity too. Here T : f(z) → T (z|f) is invertible continuous map
Dn → Dn.
42.1 ~-order
We have from Eq, (2.4)
(−1)ǫ(f)ǫ(h)[C1(z|f, g), h(z)] + (−1)
ǫ(f)ǫ(h)C1(z|[f, g)], h) +
+cycle(f, g, h) = −(−1)ǫ(f)ǫ(h)dad2 C1(z|f, g, h) = 0, εC1 = 1,
so theorem 1.1 gives
C1(z|f, g) = c1m(z|f, g) + d
ad
1 M1D(z|f, g) + α1n(z|f, g),
where m and n are defined in theorem 1.1.
Because we consider the deformations with even parameters only, and because ε(α1) = 1,
we set α1 = 0. Analogously, αi = 0, where αi are the coefficients before m2 in higher orders
on ~, i.e. we don’t take in account the cocycle n.
The Jacobiator has the form
Jm(z|f, g, h) ≡ (−1)
ǫ(f)ǫ(h)m(z|m(|f, g), h) + cycle(f, g, h) =
= (−1)ε(f)+ε(g)+ε(h)+ε(f)ε(h){[Ezf(z),∆g(z)]Ezh(z)− (−1)
ε(f)[∆f(z),Ezg(z)]Ezh(z)} +
+cycle(f, g, h).
For the functions of the form f(z) = ezp, g(z) = ezq, h(z) = ezr in some vicinity of x, we
have
Jm(z|f, g, h) → Jm(z|p, q, r) =
= −
1
4
[〈p, p〉 (1− zq) + 〈q, q〉 (1− zp)](1 −
1
2
zr) 〈p, q〉+ cycle(p, q, r),
where
〈p, q〉 =
n∑
i=1
(
piqn+i + qipn+i
)
.
2.2 ~2-order
We have from Eq, (2.4) after T -transformation, T = 1 + ~M1D +O(~
2),
(−1)ǫ(f)ǫ(h)[C2(z|f, g), h(z)] + (−1)
ǫ(f)ǫ(h)C2(z|[f, g]), h) +
+cycle(f, g, h) = −(−1)ǫ(f)ǫ(h)dad2 C2(z|f, g, h) =
= −c21Jm(f, g, h), εC2 = 1.
Because Jm1(z|f, g, h) equals to zero out of any diagonal, we have
C2(z|f, g) = C2loc(z|f, g) + d
ad
1 M2D(z|f, g),
where C2loc(z|f, g) has the form
C2loc(z|f, g) =
=
N∑
a,b=0
(−1)ε(f)(|εB |1,b+1)m
(A)a|(B)b
2 (z)[(∂
z
A)
af(z)](∂zB)
bg(z),
m
(B)q |(A)p
2 = (−1)
|εA|1,p|εB|1,qm
(A)p|(B)q
2 , ε(m
(A)p|(B)q
2 (∂
z
A)
a(∂zB)
b) = 1,
5(−1)ǫ(f)ǫ(h)dad2 C2loc(z|f, g, h) = c
2
1Jm1(f, g, h).
Take the functions in the form f(z) = ezp, g(z) = ezq, h(z) = ezr in some vicinity of x. Then
we have
Φ(z, p, q, r) 〈p, q〉 − [F (z, p, q), zr] + cycle(p, q, r) =
=
c21
4
[〈p, p〉 (1− zq) + 〈q, q〉 (1− zp)](1−
1
2
zr) 〈p, q〉+ cycle(p, q, r), (2.5)
where
Φ(z, p, q, r) = Φ(z, q, p, r) = F (z, p+ q, r)− F (z, p, r)− F (z, q, r),
F (z, p, q) = F (z, q, p) =
N∑
a,b=0
m
(A)a|(B)b
2 (z)(pA)
a(qB)
b.
Represent F (z, p, q) in the form
F (z, p, q) = −
c21
4
[〈p, p〉 (zp) + 〈q, q〉 (zq)] +
+
c21
8
(〈p, p〉+ 〈q, q〉)(zp)(zq) + F ′(z, p, q),
F ′(z, p, q) =
N∑
a,b=0
m
′(A)a|(B)b
2 (z)(pA)
a(qB)
b.
Then we obtain
Φ′(z, p, q, r) 〈p, q〉 − [F ′(z, p, q), zr] + cycle(p, q, r) = 0.
Using the results of subsection 5.2 in [1], we find
C2|loc(z|f, g) = c2m(z|f, g)−
c21
2
m2(z|f, g) + d
ad
1 M1D(z|f, g),
where
m2(z|f, g) = (−1)
ε(f){Nz∆f(z)}Ezg(z) + {Ezf(z)}Nz∆g(z).
The conjecture arises that deformation depends on Euler operator N and nilpotent op-
erator ∆ only. This conjecture can be verified in higher orders also and is proved in the next
section.
3 Local deformations of the antibracket
According to our conjecture, let us look for the deformation of antibracket in the following
form
[epz, eqz]∗ = F (〈p, q〉, 〈p, p〉, 〈q, q〉, Np, Nq)e
(p+q)z.
Then Jacobi identity acquires the form
F (〈p, q〉, 〈p, p〉, 〈q, q〉, Np, Nq)F (〈p+ q, r〉, 〈p+ q, p+ q〉, 〈r, r〉, Np+q, Nr)e
(p+q+r)z + cycle = 0
(3.1)
6Because we are looking for deformations with even parameters only, our conjecture gives
F (〈p, q〉, 〈p, p〉, 〈q, q〉, Np, Nq) = 〈p, q〉+ 〈p, p〉f(Np, Nq) + 〈q, q〉f(Nq, Np) (3.2)
with some function f .
Substituting (3.2) into (3.1) and taking in account that Np+q = Np + Nq when acts on
e(p+q+r)z, we obtain the following system of equations
f(Nr, Np +Nq)− f(Nr, Np + 1)− f(Nr, Nq + 1) = 0 (3.3)
−f(Np +Nq, Nr) + f(Np + 1, Nr) + 2f(Np + 1, Nq + 1)f(Np +Nq, Nr) = 0 (3.4)
f(Np, Nq + 2)f(Np +Nq, Nr)− f(Nq, Nr)f(Np, Nq +Nr)−
− f(Nq, Np + 2)f(Np +Nq, Nr) + f(Np, Nr)f(Nq, Nr +Np) = 0 (3.5)
The equation (3.3) gives f(Nr, Np +Nq)− f(Nr, Np + 1)− f(Nr, Nq + 1) = 0, or
f(Nr, Np)− f(Nr, Np + 1)− f(Nr, 1) = 0 (3.6)
The equation (3.6) has an evident solution
f(Nr, Np) = f(Nr, 0)(1−
1
2
Np) = ϕ(Nr)(1−
1
2
Np), (3.7)
where ϕ(Nr) = f(Nr, 0).
Let us substitute (3.7) into (3.4).
We obtain −f(Np +Nq, Nr) + f(Np + 1, Nr) + 2f(Np + 1, Nq + 1)f(Np +Nq, Nr) = 0, or
−ϕ(Np+Nq)(1−
1
2
Nr)+ϕ(Np+1)(1−
1
2
Nr)+2ϕ(Np+1)(1−
1
2
(Nq+1))ϕ(Np+Nq)(1−
1
2
Nr) = 0,
which implies −ϕ(Np +Nq) + ϕ(Np + 1) + ϕ(Np + 1)(1−Nq)ϕ(Np +Nq) = 0.
So −ϕ(Nq) + ϕ(1) + ϕ(1)(1−Nq)ϕ(Nq) = 0, and
ϕ(Nq) =
a
1 + aNq
,
where a = ϕ(1)/(1− ϕ(1)) .
Finally
f(Np, Nq) =
a
1 + aNp
(1−
1
2
Nq).
This function satisfies the equation (3.5) as well.
So the deformation of antibracket is described by the formula
[epz, eqz]∗ = 〈p, q〉+ 〈p, p〉
a
1 + aNp
epz(1−
1
2
Nq)e
qz + 〈q, q〉
a
1 + aNa
eqz(1−
1
2
Np)e
pz. (3.8)
Introduce the following 2-cochain
Ka(z|f, g)
def
= [f(z), g(z)]+
(
a
1 + aNz/2
∆f(z)
)
Ezg(z)+(−1)
ε(f)
(
a
1 + aNz/2
∆g(z)
)
Ezf(z),
(3.9)
7which is connected with (3.8) by Fourier transformation:
Ka(z|f, g) =
∫
dpf˜(p)
∫
dqg˜(q)(−1)ε(g)Ka(z|e
ipz, eiqz), (3.10)
where
f(z) =
∫
dpf˜(p)eipz. (3.11)
For Jacobiator JKa(z|f, g, h)
def
= Ka(z|f,Ka(·|g, h)) + cycle(f, g, h), analogous relation
take place:
JKa(z|f, g, h) = −
∫
dpf˜(p)
∫
dqg˜(q)
∫
drh˜(r)(−1)ε(f)ε(h)+ε(f)+ε(g)+ε(h)JKa(z|e
ipz, eiqz, eirz).
So, because JKa(z|e
ipz, eiqz, eirz) = 0 by construction, we have that JKa(z|f, g, h) = 0 for all
f, g, h ∈ Dn.
4 The proof of theorem 1.2
Let ci ∈ K be some sequence. Define c[k] as c[k] =
∑k
i=1 ~
ici. Consider once again the
equation (2.4) for decomposition (2.1).
The first order in ~ gives
C(z|f, g) = [f(z), g(z)] + c1~m(z|f, g) + ~d
ad
1 M1D(z|f, g) +O(~
2).
Let us make similarity transformation with the operator T1 of the form T1(z|f) = f(z) −
~M1D(z|f) +O(~
2), and keep the notation C(z|f, g) for resulting form. It can be presented
as
C(z|f, g) = Kc[1](z|f, g) + ~
2C2(z|f, g) +O(~
3).
Then, we have from Eq. (2.4)
dad2 C2(z|f, g, h) = 0, εC21 = 1 =⇒
C2(z|f, g) = c2m(z|f, g) + d
ad
1 M2D(z|f, g),
The condition C2(z|f, g) ∈ D gives M2D(z|f) ∈ D. Making similarity transformation with
the operator T2 of the form T2(z|f) = f(z)− ~M2D(z|f) +O(~
3), and present the resulting
2-cochain, which we denote once again as C(z|f, g), in a form
C(z|f, g) = Kc[2](z|f, g) + ~
3C3(z|f, g) +O(~
4).
Then, we have from Eq. (2.4)
dad2 C3(z|f, g, h) = 0,
and so on.
Finally, we obtain, that general solution of Eq. (2.4) has the form up to similarity
transformation
[f(z), g(z)]∗ = Kc[∞](z|f, g),
that finishes the proof of the theorem 1.2.
85 Central extension of antiPoisson superalgebra
First, we will consider some notation and general formulas.
Let L = D1. According to theorem 1.3 it has the central extension L = L⊕ c. If f ∈ L,
then f = f + aici ∈ L, aici ∈ c, i = 1, 2, ε(c1) = 1, ε(c2) = 0 ( ε(ci) = εi = i), ai ∈ K. The
antibracket in L will be denoted [f, g] = −(−1)ǫ(f)ǫ(g)[g, f ]. The bracket in L will be denoted
[f , g]ce = −(−1)
ǫ(f)ǫ(g)[g, f ]ce,
[f, g]ce = [f, g] + µi(f, g)ci, [f , ci]ce = 0,
where µi(f, g) = −(−1)
ǫ(f)ǫ(g)µi(g, f) are 2-cocycles in the trivial representation of the alge-
bra L defined by Eq. (1.9) in theorem 1.3.
We will consider 1-cochains and 2-cochains on L with coefficients in adjoint representa-
tion:
M1(f) = M1(z|f) +m1i(f)ci ∈ L, M1(z|f) ∈ L, m1i(f) ∈ K,
ε(M1) = ε(M1) = ε(m12) = 0, ε(m11) = 1 (εm1i ≡ εi = i);
M2(f , g) = M2(z|f , g) +m2i(f , g)ci ∈ L, M2(z|f , g) ∈ L, m2i(f , g) ∈ K,
M2(g, f) = −(−1)
ǫ(f)ǫ(g)M2(f , g), M2(c1, c1) = 0,
ε(M2) = ε(M2) = ε(m22) = 1, ε(m21) = 0 (εm2i ≡ εi + 1 = i+ 1).
The differential dad is defined on these (and on all others) forms:
dad1 M1(f , g) = [M1(f), g]ce − (−1)
ǫ(f)ǫ(g)[M1(g), f ]ce −M1([f , g]ce) =⇒ (5.1)
dad1 M1(f, g) = d
ad
1 M1(z|f, g)− µi(f, g)M1(z|ci) + γi(f, g)ci,
γi(f, g) = µi(M1(|f), g)− (−1)
ǫ(f)ǫ(g)µi(M1(|g), f) +
+dtr1 m1i(f, g)− (−1)
i(j+1)µj(f, g)m1i(cj), (5.2)
dad1 M1(ci, g) = [M1(z|ci), g(z)] + µj(M1(|ci), g)cj, (5.3)
dad1 M1(ci, cj) ≡ 0,
dtr1 m1i(f, g) = −m1i([f, g]).
dad2 M2(f , g,h) = −(−1)
ǫ(f)ǫ(h){(−1)ǫ(f)ǫ(h)[M2(f , g),h]ce +
+(−1)ǫ(f)ǫ(h)M2([f , g]ce,h) + cycle(f, g, h)} =
= −(−1)ǫ(f)ǫ(h){(−1)ǫ(f)ǫ(h)[M2(z|f , g),h]ce +
+(−1)ǫ(f)ǫ(h)M2(z|[f , g]ce,h) +
+(−1)ǫ(f)ǫ(h)m2i([f , g]ce,h)ci + cycle(f, g, h)} =⇒ (5.4)
dad2 M2(f, g, h) = d
ad
2 M2(z|f, g, h) + {−µi(M2(|f, g), h) +
+(−1)ǫ(g)ǫ(h)µi(M2(|f, h), g)− (−1)
ǫ(f)(ǫ(g)+ǫ(h))µi(M2(|g, h), f)−
−m2i(µj(f, g)cj, h) + (−1)
ǫ(g)ǫ(h)m2i(µj(f, h)cj , g)−
−(−1)ǫ(f)(ǫ(g)+ǫ(h))m2i(µj(g, h)cj, g) + d
tr
2 m2i(f, g, h)}ci −
−M2(z|µj(|f, g)cj, h) + (−1)
ǫ(g)ǫ(h)M2(z|µj(|f, h)cj, g)−
−(−1)ǫ(f)(ǫ(g)+ǫ(h))M2(z|µj(|g, h)cj, f), (5.5)
dtr2 m2i(f, g, h) = −{m2i([f, g], h)− (−1)
ǫ(g)ǫ(h)m2i([f, h], g)−m2i(f, [g, h])}
9dad2 M2(ci, f, g) = −d
ad
1 M˜1i(z|f, g) +M2(z|ci, µl(f, g)cl) +
+{−µj(M˜1i(|f), g) + (−1)
ǫ(f)ε(g)µj(M˜1i(|g), f) +
+m2j(ci, [f, g]) +m2j(ci, µl(f, g)cl)}cj, (5.6)
M˜1i(z|f) = M2(z|ci, f),
dad2 M2(ci, cj , f) = −[M2(z|ci, cj), f(z)]− µk(M2(|ci, cj), f)ck, (5.7)
dad2 M2(ci, cj, ck) ≡ 0.
6 Deformation of central extension of antiPoisson su-
peralgebra
6.1 Second central adjoint cohomology
The cohomology equation is
dad2 M2(f, g, h) = 0.
It follows from Eq. (5.7)
∂
∂zA
M2(z|ci, cj) = 0 =⇒ M2(z|ci, cj) = a2|ij , a2|11 = 0, a2|12 = −a2|21.
Eq. (5.6) takes the form
[M˜1i(z|f), g(z)]− (−1)
ǫ(f)ǫ(g)[M˜1i(z|g), f(z)]− M˜1i(z|[f, g]) = a2|ijµj(f, g), (6.1)
m2j(ci, [f, g]) +m2j(ci, cl)µl(f, g) = µj(M˜1i(|f), g)− (−1)
ǫ(f)ǫ(g)µj(M˜1i(|g), f). (6.2)
First, consider Eq. (6.1). Let
z ∩ supp(f) = z ∩ supp(g) = ∅.
We obtain from Eq. (6.1)
M˜1i(z|[f, g]) = −a2|ijµj(f, g).
Let g = x or g = ξ for {z} ⊂ supp(f). Then in both these cases µj(f, g) = 0 and we find
M˜1i(z|∂Af) = 0 (for z ∩ supp(f) = ∅). Let g = xξ. Then µj(f, g) = 0 and we obtain
M˜1i(z|f) = 0 for z ∩ supp(f) = ∅ =⇒ a2|ij = 0 =⇒
M˜1i(z|f) = t
0
i Ezf(z) + ti∆f(z) + [t1i(z), f(z)].
The summand [t1i(z), f(z)] can be included in exact form d
ad
1 M1(f, g) with M1(z|f) =
m1i(f) = 0, M1(z|ci) = t1i(z), such that we have for the form M
′
2(f, g, h) = M2(f, g, h) −
dad1 M1(f, g) (omitting primes)
m2j(ci, [f, g]) +m2j(ci, cl)µl(f, g) = t
0
iµj(Ezf, g) + tiµj(∆f, g)− (−1)
ǫ(f)ǫ(g)(f ↔ g). (6.3)
Choosing g = x, ξ, xξ, we obtain, in the same way as above,
m2j(ci, f) = 0.
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Eq. (6.3) takes the form (taking in account that µ2(∆f, g) = µ1(f, g))
0 = t01[µ1(Ezf, g)− (−1)
ǫ(f)ǫ(g)(f ↔ g)], (6.4)
m21(c2, c1)µ1(f, g) = t
0
2[µ1(Ezf, g)− (−1)
ǫ(f)ǫ(g)(f ↔ g)], (6.5)
m21(ci, c2)µ2(f, g) = 0, (6.6)
0 = 2t1µ1(f, g), (6.7)
m22(c2, c1)µ1(f, g) = 2t2µ1(f, g), (6.8)
m22(ci, c2)µ2(f, g) = t
0
i [µ2(Ezf, g)− (−1)
ǫ(f)ǫ(g)(f ↔ g)]. (6.9)
It follows from (6.6) that m21(ci, cj) = 0. Then Eqs. (6.4) and (6.5) give t
0
i = 0. Then it
follows from Eq. (6.9) that m22(ci, cj) = 0 and finally Eqs. (6.7) and (6.8) give ti = 0. Thus,
we obtained (up to coboundary)
M2(z|ci, f) = m2i(cj, f) = M2(z|ci, cj) = m2i(cj , cl) = 0.
Eq. (5.5) takes the form
dad2 M2(z|f, g, h) = 0, (6.10)
dtr2 m2i(f, g, h) = µi(M2(|f, g), h)− (−1)
ǫ(g)ǫ(h)µi(M2(|f, h), g) +
+(−1)ǫ(f)(ǫ(g)+ǫ(h))µi(M2(|g, h), f). (6.11)
Firstly, consider Eq. (6.10). Under condition ε(M2) = 1, its general solution has the form
M2(z|f, g) = am(z|f, g) + d
ad
1 σ1(z|f, g).
The summand dad1 σ1(z|f, g) can be included in coboundary d
ad
1 M1(f, g) (additionally to
M2(z|f, g), only m2i(f, g) is modified) with M1(z|f) = σ1(z|f), m1i(f) =M1(z|ci) = 0, such
that we have for the form M′2(f, g, h) = M2(f, g, h)− d
ad
1 M1(f, g) (omitting primes)
M2(z|f, g) = am(z|f, g),
dtr2 m2i(f, g, h) = (−1)
ǫ(f)ǫ(h)aJi(f, g, h), (6.12)
Ji(f, g, h) = (−1)
ǫ(f)ǫ(h)µi(m(|f, g), h) + cycle(f, g, h).
Consider Eq. (6.12) in for i = 2,
dtr2 m22(f, g, h) = (−1)
ǫ(f)ǫ(h)aJ2(f, g, h), (6.13)
J2(f, g, h) = (−1)
ǫ(f)ǫ(h)+ǫ(g)
∫
dz[∆f(z)Nzg(z) +
+(−1)ε(f)Nzf(z)∆g(z)]∂
2
xh(z) + cycle(f, g, h).
Let
supp(h) ∩ [supp(f) ∪ supp(g)] = ∅.
Then, r.h.s. of Eq. (6.13) equals zero and we have
m22(f, g) =
K∑
k=0
∫
dzF k1 (z)(−1)
ε(f)
(
[∂2kx f(z)]g(z) + f(z)∂
2k
x g(z)
)
+
+
K∑
k=1
∫
dzF k2 (z)
(
(−1)ε(f)[∂2k−1x ∂ξf(z)]g(z) + f(z)∂
2k−1
x ∂ξg(z)
)
.
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Take the functions in the form f(z) = ezp, g(z) = ezq, h(z) → e−z(p+q)h(z), and consider
the terms of the highest order in p and q which equals 2K + 2 for l.h.s. of Eq. (6.13) and 5
for r.h.s. of Eq. (6.13). Thus, we have
F k1 (z) = 0, k ≥ 2, F
k
2 (z) = 0, k ≥ 3,
m22(f, g) =
1∑
k=0
∫
dzF k1 (z)(−1)
ε(f)
(
[∂2kx f(z)]g(z) + f(z)∂
2k
x g(z)
)
+
+
2∑
k=1
∫
dzF k2 (z)[(−1)
ε(f)(∂2k−1x ∂ξf(z))g(z) + f(z)∂
2k−1
x ∂ξg(z)].
Consider in Eq. (6.13) the summands which are of the sixth and fifth orders in p, q. Only
F 22 (z) takes part in l.h.s. of Eq. (6.13). The sixth order in p, q terms are canceled identically
and we obtain for the fifth order terms
−∂xF
2
2 (z)(2p
3
0 + 3p
2
0q0 − 3p0q
2
0 − 2q
3
0)p1q1 −
−F 22 (z)
←−
∂ ξ[(2p
3
0q0 + 3p
2
0q
2
0 + p0q
3
0)p1 + (p
3
0q0 + 3p
2
0q
2
0 + 2p0q
3
0)q1] =
= ax[(2p30q0 + 3p
2
0q
2
0 + p0q
3
0)p1 + (p
3
0q0 + 3p
2
0q
2
0 + 2p0q
3
0)q1]−
−aξ(2p30 + 3p
2
0q0 − 3p0q
2
0 − 2q
3
0)p1q1.
where p = (p0, p1), q = (qo, q1), ε(p0) = ε(q0) = 0, ε(p1) = ε(q1) = 1. Setting q0 = ±p0, we
find
F 22 (z)
←−
∂ ξ = −ax, ∂xF
2
2 (z) = aξ =⇒
a = 0.
It follows from
m22(f, g) =
∫
dzF 22 (z)[(−1)
ε(f)(∂3x∂ξf(z))g(z) + f(z)∂
3
x∂ξg(z)], ε(m22) = 1
that ε(F 22 (z)) = 1 and so F
2
2 (z) = ξF (x). So
m22(f, g) =
∫
dxF (x)[f0(x)∂
3
xg1(z)− ∂
3
xf1(z))g0(z)].
It is easy to see that dtr2 m22(f0, g0, h0) = d
tr
2 m22(f0, g0, h1) = d
tr
2 m22(f1, g1, h1) = 0, and
dtr2 m22(f0, g1, h1) =
∫
dxf0[F (∂
3
xg1∂xh1 − ∂xg1∂
3
xh1)− ∂xF (∂
3
xg1h1 − g1∂
3
xh1)],
where ϕ(z) ≡ ϕ0(x)+ξϕ1(x) for any function ϕ(z). Analogously, we find that J2(f0, g0, h0) =
J2(f0, g0, h1) = J2(f1, g1, h1) = 0 and
J2(f0, g1, h1) =
∫
dxf0[x(∂
3
xg1∂xh1 − ∂xg1∂
3
xh1) + (∂
3
xg1h1 + 2∂
2
xg1∂xh1 −
−2∂xg1∂
2
xh1 − g1∂
3
xh1)].
It follows from Eq. (6.13)
F (∂3xg1∂xh1 − ∂xg1∂
3
xh1)− ∂xF (∂
3
xg1h1 − g1∂
3
xh1) =
= a[x(∂3xg1∂xh1 − ∂xg1∂
3
xh1) +
+(∂3xg1h1 + 2∂
2
xg1∂xh1 − 2∂xg1∂
2
xh1 − g1∂
3
xh1)] =⇒
12
a = F (x) = F 22 (x) = 0.
Thus, we have
dtr2 m2i(f, g, h) = 0 =⇒
m2i(f, g) = aijµj(f, g) + d
tr
1 νi(f, g).
This expression corresponds to exact form dad1 M1(f , g) with M1(f) = 0, m1i(f), m1i(cj) =
−(−1)i(j+1)aij . Finally, we have obtained that H
2
ad = 0 in subspace of 2-forms M1(f , g) with
ε(M1) = 1. By the same way as above, we can prove that
dad1 M1(f , g) ∈ L =⇒ M1(f) ∈ L,
such that the central extension of antiPoisson algebra has no nontrivial deformations.
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